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Abstract 


We begin by defining functions which are generalized divisor 
functions with restricted domains. For each positive integer k, we 
show that, for r > 1, the range of cr_r,fc is a subset of the interval 

C(^) 

’ After some work, we define constants which sat- 


isfy the following: If A: G N and r > 1, then the range of the function 

C (^) \ 

TTTi — , T ^ ^ ) if and only if r < %• We end with 


(T-r,k is dense in 
an open problem. 


C((A: + l)r) 


1 Introduction 


Throughout this paper, we will let N denote the set of positive integers, and 
we will let P denote the set of prime numbers. We will also let pi denote the 
^th number. 

^This work was supported by National Science Foundation grant no. 1262930. 
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For a real number t, define the function ctj : N —)■ M by at{n) = E d* for 


d\n 

d>0 


all n E N. Note that at is multiplicative for any real t. For each positive 

1 °° 1 

integer n, if r > 1, we have 1 < a^rin) = — = C(^); where C 

d\n i=l 

d>0 

denotes the Riemann zeta function. The author has shown [T] that if r > 1, 
then the range of the function c7_r is dense in the interval [1, C(^)) if ^md only 
if r < where rj is the unique number in the interval (1, 2] that satisfies the 


equation 


2^ 


2^-1 V 3 ^ - 1 


3’? + ! 


= C(??)- 


For each positive integer k, let be the set of positive integers defined 
by 

Sk = {n E N f n Vp G P}. 

For any real number t and positive integer k, let at^k : Ffc M be the re¬ 
striction of the function at to the set Sk, and let log cxt^A: = logocrt ^. We 
observe that, for any k E N and r > 1, the range of a_r,k is a subset of 

f) “771 -TT ]• This is because, if we allow TT to be the canonical 

L C{{k + l)r)J 

prime factorization of some positive integer in Sk (meaning that Pi < k for 
all z G {1, 2,..., n}), then 


1 — E (^—r,k 



Pi 






i=l 


i=l \j=0 


Sfl E'*."' 

i=l \j=0 


OO / i 

<n(Ep 

i=l \j=0 


-jr _ 


n 

2 = 1 


1 - R 


— (fc+l)r 


C(?’) 


To simplify notation, we will write Gk{r) = 


1 - ft 

C(0 


C((A:+ l)r)’ 


C((A:+ l)r)' 


Our goal is to analyze the ranges of the functions a-r,k in order to find 
constants analogous to rj for each positive integer k. More formally, for each 
k E N, we will find a constant r]k such that if r > 1, then the range of a-r,k 
is dense in [1, Gk{r)) if and only ii r < rjk. 
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2 The Ranges of (i-rk 


Definition 2.1. For A:, m G N and r G (1, cxd), let 

Mm,r) = log il + + X^log (5^ ^ ) . 

Notice that, for any k E N and r G (1,cxd), the range of a-r,k is dense 
in the interval [1, Gk{r)) if and only if the range of log cr_r,fc is dense in the 
interval [0, log(G'fc(r))). For this reason, we will henceforth focus on the 
ranges of the functions log a-r^k for various values of k and r. 

Theorem 2.1. Let k E N, and let r G (1,cxd). The range of\oga-r,k is 
dense in the interval [0, log(Gfc(?'))) if and only if fk{m,r) < log(Gfc(?')) for 
all m G N. 


Proof. First, suppose that there exists some m E N such that fk{rn,r) > 
\og{Gk{r)). Then 


Pn 




i=l 




d=o 


y2=l \i=0 


Tc^p- 


jr 


which means that 


= Eiog 
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Fix some N E Sk, and let N = tie the canonical prime factorization 

i=l 

of N. Note that 7 * < /c for all i E {1, 2,..., n} because N E Sk- If for 
some s G {1, 2,..., m}, then 


logcr_^,fc(A^) > log 



> log 



3 



On the other hand, \i Ps\ N for all s G {1,2,..., m}, then 


V / 7i 


loga_^,fc(A^) = log n JJ ^ 


v* = l 


i=l \j=0 


Ei <'°d n E 


^i=l \j=0 

oo 


\i=m+l \j=0 Pi 


jr 


E'°dE;{.)- 

=0 


i=m-\-l 


0=0 


Because N was arbitrary, this shows that there is no element of the range of 

k 


log(T_r,fc in the interval E log E 


y^^=m+l 


j nr 


, log 1 + 


p: 


Therefore, 


the range of loga_r,k is not dense in [0, log(Gfc(r))). 


Conversely, suppose that fk{'kn,r) < log(Gfc(r)) for all m E N. This is 
equivalent to the statement that 


Pn 


1 


i + ^ Elr 


2=m+l 


-ToP^^ 


for all m eN. Choose some arbitrary x E (0, log(Gfc(r))). We will construct 
a sequence in the following manner. First, let Cq = 0. Now, for each positive 


ai 


integer /, let Ci = Q_i + log , where ct; is the largest nonnegative 

\i=o 


oil 


integer less than or equal to k such that Ci-i + log ( 'S~^ ) < x. Also, for 


oil 


1 


each / e N, let A = log ^ “ log — , and let A = 


roPi 


Note that 


0=0 


r^Pi 


0=0 


i=l 


hm(A + E,) = Hm ( 


1^00 


J=1 


j=o K 


2=1 
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I 

= lim > log 

1^00 ^ ^ 
i=\ 



= log(Gfc(r)). 


Now, because the sequence is bounded and monotonic, we know 

that there exists some real number 7 such that lim (7; = 7 . Note that, for 

1^00 

each I eN, Cl is in the range of log a_r,k because 


i 

0 = 5] log 

i=l 



log Y[(^-r{Pi 


^2 = 1 


log a_r,k 



Therefore, if we can show that 7 = x, then we will know (because we chose x 
arbitrarily) that the range of \oga^r,k is dense in [ 0 , log(Gfc(r))), which will 
complete the proof. 


Because we dehned the sequence so that Ci < x for all / G N, we 

know that 7 < x. Now, suppose j < x. Then limEi = log(Gfc(r)) — j > 

l—yoo 

log{Gk{r)) — X. This implies that there exists some positive integer L such 
that El > log((7A:(r)) — x for all I > L. Let m be the smallest positive integer 
that satishes Em > log(Gfc(r)) — x. First, suppose Dm < x — Cm so that 

/ 1 \ 

X ^ Cm~\~Dm = (7^-1 +log E — I. This implies, by the dehnition of am, 

\j=0 P^J 

that am = k. Then Dm = 0. If m > 1, then Em-i = Em > log((7fc(r)) — x, 
which contradicts the minimality of m. On the other hand, if m = 1, then 
we have 0 = Dm = Em > log(Gfc(r)) — x, which is also a contradiction. Thus, 
we conclude that Dm > x — Cm- Furthermore, 


E log E -F = iog(^fc(0) - E log E 




0=0 


2 = 1 


__ ?r 

-ToPI 


log((7/j(r)) Em Cm ^ X Cm ^ Dm, 


( 1 ) 


and we originally assumed that log ( 1 + 


Pr, 


Pm 

k 


S E ‘“dE^)’ ™s 

0=0 Pi 




means that log ( 1 + — 1 < = log ^ — - log ^ 




_ __ ?r 


, or. 
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Pn 


equivalently, log (1 + — J + log ( ^ — j < log ( — ) • If > 0, we 




have 


vi=o 




log 1 + 


Pn 


1 

Pm 


Oim 


-'“s(^ + ;v)+'°s(E;v) <‘“s|E 3 r 

,i =0 P'^ 


=CP^ 


0=0 




TnP 


0=0 


Pr, 


jf — 1 
fm 


SO IH-< 


P 


so 2 < 


Pn 


jf — 1 
fm 


2 1 1 

. We may write this as 1 H- 1 —;— < 1 + 


o'” - 1 

t'm 


= 1 + 


1 


jf 

fm fm 


n’' — 1 ’ 

fm 


Pn 


As > 2, this is a contradiction. Hence, 


am = 0. By the dehnitions of am and Cm, we see that Cm-i + log ( 1 + 


Pn 


> X and that Cm = Cm-i- Therefore, log ( 1 H-) > x — Cm-i = x — Cm- 

\ PmJ 
oo f ^ 1 \ 

However, recalling from ([T]) that E log E — I < X — Cm, we hnd that 




J=0 n 




j 7r 

,J.O Pi 


p; 


log ( — I < log I 1 H—^ j, which we originally assumed was false. 


Therefore, 7 = x, so the proof is complete. 


□ 


Given some positive integer fc, we may use Theorem 12.II to hnd the values 
of r > 1 such that the range of log(T_r,fc is dense in [0, log(Gfc(r))). To do so, 
we only need to hnd the values of r > 1 such that fk{m, r) < log(Gfc(r)) for 
all m G N. However, this is still a somewhat difficult problem. Luckily, we 
can make the problem much simpler with the use of the following theorem. 
We hrst need a quick lemma. 

Lemma 2.1. If j G N\{1,2,4}, then < \/ 2 , 

Pj 


Proof. Pierre Dusart [2] has shown that, for x > 396 738, there must be 

X 

X, X + 


at least one prime in the interval 


25 log X 


Therefore, whenever 
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Pj > 396 738, we may set x = pj + 1 to get m+i < (m + 1) H-4^-- 

25 log [pj + 1) 

< \/2pj. Using Mathematica 9.0 [3], we may quickly search through all the 
primes less than 396 738 to conclude the desired result. □ 

Remark 2.1. There is an identical statement and proof of Lemma l2.ll in 
[1] , but we include it again here for the sake of completeness (and so that we 
may later refer to Lemma [2.11 with a name). 

Theorem 2.2. Let A: G N, and let r G (1,2]. The range of the function 
log cr_rfc is dense in the interval [0, log((j'fc(r))) if and only if 
fkim, r) < log(Gfc(r)) for all m G {1, 2,4}. 


Proof. In light of Theorem 12.11 we simply need to show that if 
fk{m,r) < log(G'A;(r)) for all m G {1,2,4}, then fk{m,r) < log(Gfc(r)) for all 
m G N. Thus, let us assume that k and r are such that fk{m, r) < log(Gfc(r)) 
for all m G (1, 2,4}. 

Now, if m G N\{1,2,4}, then, by Lemma I^TTl Euhtl < which 

Pm 

2 1 

implies that - > —. We then have 

Pm+l Pm 


fk{m + l,r) 


log 1 + 



> 2 log 



> log 



This means that fk{^,r) < /fc(4,r) < log(Gfc(r)). Furthermore, fk{,fn,r) < 
log(Gfc(?’)) for all m > 5 because {fk{ra,r))^^^ is a strictly increasing se¬ 
quence and lim fk{m,r) = log(Gfc(r)). □ 

m—>-oo 
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We now have a somewhat simple way to check whether or not the range 
of \oga_r,k is dense in [0, log(Gfc(r))) for given k eN and r G (1,2], but we 
can do better. In what follows, we will let Tk{m,r) = fk{m,r) — log((j'fc(r)). 


Lemma 2.2. For fixed k E N and m E {1,2,4}, Tk{m,r) is a strictly in¬ 


creasing function in the variable r for all r E 



Proof. Tk{m, r) = log ( 1 + — j - ^ log ^ , so, for fixed 

V Pm/ Vi=0 Pi / 

k eN and m G (1, 2,4}, we have 




ELi apr 


log Pm 

Pm + 1' 


Observe that, for any p, et.ke N. and r 6 1. - . we have 


E k —ar 

a=l m > 


EtoPE^ + pr + i 


. Therefore, in order to show that 


-^Tk{m,r) > 0, it suffices to show that ^SPi ^ ogpm 

dr ^ ^ n^ -I- 1 

i=m+l ^ ^ 


For each m E (1, 2,4}, dehne the function : ( 1’ g —)■ M by 


T i^\ _ iogpm lOgpi 

V I 1 / V Til' 

* +1 ..t:, pf +1 


One may verify, for each m E {1,2,4}, that the function is increas¬ 
ing on the interval < 0. Thus, for m E {1,2,4}, 


log Pm ^ logP^ ^ log Pi 

Pw + i .iilP' + i + i 


This completes the proof. 


Lemma 2.3. For each positive integer k, the functions Tfc(l,r) and Tfc(2,r) 
each have precisely one root for r E (1, 2]. 



Proof. Fix some k eN. First, observe that lim Tk{l,r) = —oo and 

lim Tk{2,r) = —oo. Also, when viewed as single-variable fnnctions of r, 

r—>■!+ 

Tfc(l,r) and Tk{2,r) are continnons over the interval (1,2]. Therefore, if we 
invoke Lemma 12.21 and the Intermediate Valne Theorem, we see that it is 
snfficient to show that Tfc(l,2) and Tk{2,2) are positive. We have 


Tfc(l,2) 



= log (]!]) - log ( j) + (5) - >°s(C(2)) 


and 



> 0 



Definition 2.2. For k eN and m E {1,2,4}, we dehne Rk{fn) by 

I ro, if Tk{m, Tq) = 0 and 1 < Tq < 2 ; 

Kk[m) = < 

|2, if Tk{m, r) < 0 for all r e (1, 2). 

Also, for each positive integer k, let Mk be the smallest element m of {1, 2,4} 
that satishes Rk{m) = min(i?fc(l), i?fc(2), i?fc(4)). 

Remark 2.2. Observe that, for each k E N, Lemma 12.21 when combined 
with the fact that lim Tk{m,r) = —00 for all m E {1,2,4}, guarantees that 

the function Rk is well-dehned. Furthermore, note that Lemma 12.31 tells us 
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that Rk{Mk) < 2. Essentially, is the element m of the set {1,2,4} that 
gives g{r) = Tk{m,r) the smallest root in the interval (1,2), and if multiple 
values of m give g{r) this minimal root, is simply dehned to be the 
smallest such m. 

Lemma 2.4. For all k ^ N and m G {1,2,4}, Rk+iim) > Rk{m), where 
equality holds if and only if m = A and Rk{rn) = 2. 


Proof. Fix A; G N and m G {1,2,4}. Note that if fk{m,r) < log(G'fc(r)) for 
some r G (1,2], then 


'k+l 


fk+iim, ^) - XI ^ = log ( 1 + 


i=l 

k 


0=0 Pi 


Pn 


= fk{m, - X X ^ - X X 


i=l \j=0 Pi 

oo / k . 


i=l \j=0 Pi 

/c+1 




Y. ‘°s E 3^ < E ‘°s E 


i=m+l \j=0 Pi / i=m+l \j=0 ^i 

m / k+l .. \ 

= log(G'fc+i(r)) - X^°S X 31 ^ I ’ 
so fk+i{m,r) < log(GA:+i(?’))• We now consider two cases. 


3 P. 


jr 


Case 1: Tk{m,ro) = 0 for some tq G (1,2). In this case, Rk{m) = tq, so 
Tk{m,Rk{m)) = 0. Therefore, fk{m, Rkim)) = log{GkiRk{m))). By the 
argument made in the preceding paragraph, we conclude that 
fk+i{m, Rk{m)) < log^Gk+iiRki.iTT'))), which is equivalent to the statement 
Tk+i{m, Rk{m)) < 0. Either Rk+i{m) = 2 > Rk{rn) or Tk+i{m, Rk+iim)) = 
0 > Tk+i^rn, Rki^rn)). In the latter case. Lemma YI72\ tells us that Rk+i{rn) > 
Rk{m). 


Case 2: Tk{m,r) < 0 for all r G (1,2). In this case, Rkfm) = 2, and 
/fc(m, 2) < log(G'fc(2)). By the argument made in the beginning of this proof, 
we conclude that fk+i{m,2) < log(Gfc+i(2)). Therefore, combining Lemma 
12.21 and Dehnition 12.21 we may conclude that Rk+i{m) = Rk{m) = 2. Note 
that, by Lemma [2.31 this case can only occur if m = 4. □ 
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We now mention some numerical results, obtained using Matliematica 
9.0, that we will use to prove our final lemma and theorem. 


Let us define a function 14(m,r) by 
14(m,r) = log 1 + — - log 1 - 

h i=m+l 

m G {1, 2,4}, we have 


-on 


Then, for fixed A: G N and 


A 

dr 


10 “ 


14 (m,r)= ^ 


2=m+l 

m+6 


ELi 


log Pi 


log Pm 
Pm + 1 


> 


( log Pi 


2=m+l 


log Pm 
Pm + 1 ' 


Referring to the last two sentences of the proof of Lemma 12.21 we see that 


d 


7 


-j-Vk{m,r) > 0 for r G ^1, -J when k E N and m G {1,2,4} are fixed. In 
particular, we will make use of the fact that Ri(l, r) is an increasing function 
of . on the intetval We .nay eaeily venfy that V,(l, 1) < 0 < 

Vi ^1, , so there exists a unique number ri G ^1, such that Vi(l, ri) = 

0. Matliematica approximates this value as ri 1.864633. We have 


Vi(l, ri) = 0 = ri(l, Ri(l)) = log ( 1 + 


2 «i(i) 


- X] log ( 1 + 


Ri(l) 


i=2 


P, 


< log 1 + 


2 «i(i) 


10 “ 


Pi 


i=2 


Because Vi(l,r) is increasing, we find that Ri(l) > ri. The important point 
here is that i?i(l) G (1.8638,2). One may confirm, using a simple graphing 

—-— ) > 1 + — for all r G (1.8638, 2). There- 
3^ + 1/ 3*' ^ ^ 


calculator, that 1 H- 

V 2 ’' 

fore, we may write 


ri(2, Ri(2)) = 0 = ri(l, Ri(l)) = log 1 + 


2«i(i) 


i=2 V Pi J 
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As Ti(2,r) is increasing on the interval (1,2) (by Lemma f2.2p . we find that 
i?i(2) > i?i(l). We may use a similar argument, invoking the fact that 


1 

1 + ^ 


3'’ + l/ V5'' + l/ V7'’ + l 


> 1 + — for all r G (1.8638, 2), to 


show that i?i(4) > i?i(l). Thus, i?i(l) = min(i?i(l), i?i(2), i?i(4)), so 

Ml = 1. 


Now, one may easily verify that, for all r G (1.67,1.98), 


and 




^ 1 ^ / 5 " \ /7" + 1 

^ 3" ^ V 5" - 1 / V 7’' - 1 


If we fix some integer k >2, then, for all r G (1.67,1.98), we may use 
write 

/fc(l,r) = log (l + ^) +log 


d=o 


( 2 ) 

(3) 

) to 


<log||l + 4:) (l + 4 + A))+log Ei); 

Vi=o 


3r 32r 


< log 1 1 + ^ ) + log 




= /fc(2 ,r). 


Similarly, for all r G (1.67,1.98), we may use ([3]) to write 


/fc(2, r) = log f 1 + — j + ^ log ^ 

k / j=i \i=0 Pi 


1 


> log 


7’’ + ! 


E‘°s E 


5’' - 1 / V 7’' - 1 / / ^ v’" 

i=l \j=0 


12 















‘“slEsi?) +‘°*5(E 


d=o 

k 


d=0 

k 


+‘°e|E 


d=0 


d=0 


"Jjr 

1 

'Jjr 


+ log + 
+ log ( 1 + 


E>°ME^ 


2=1 

2 


doK 


E‘°s E 


2=1 


7r 


d=0 


= log(1 + -j +Eios En? = 

We now know that fk{2,r) > /a;( 1, r),/fc(4, r) whenever k G N\{1} and 
r G (1.67,1.98). As our last preliminary computation, we need to evalu¬ 
ate lim i?„(2). For each positive integer n, i?„(2) is the unique solution 

n^oo 

r G (1,2) of the equation /„(2,r) = log(Gri(?"))- We may rewrite this equa¬ 
tion as log ^1 + ^ log j , or, equivalently, 


i =3 


0=0 


0=0 


3F 


E^l (E5F)(i + v)=n(Ej7 


Because the summations 


i=l \j=0 Pi 


and the product in this equation converge (for r > 1 ) as n —)■ cx 3 , we see 
that lim Rn{‘2) is simply the solution (in the interval ( 1 , 2 )) of the equa¬ 


tion lim 

n—>oo 

' 0=0 
we may write as 


E— E- 


0=0 


3jr 


1 + 


3 

3'- + ! 


= lim 

22—>-CxD 


= C(’^)- 


HE 


i=l \j=0 


TnP: 


jr 


, which 


(4) 


The only solution to this equation in the interval (1, 2) is r = rj ^ 1.8877909 
[1]. For now, the important piece of information to note is that 
lim Rni2) G (1.67,1.98). 


Lemma 2.5. For all integers k > 1, = 2. 


Proof. Fix some integer k > 1. First, suppose = 1. This means that 
-Rfc(l) < Rkif^)- Using Lemma [EH and the facts that i?i(l) > 1.8638 and 
lim Rn{2) < 1.98, we have 

n^oo 

1.8638 < Ri{l) < Rkil) < Rk{2) < lim i?„( 2 ) < 1.98. 

22—>-00 


13 









Therefore, -Rfc(l) ^ (1.67,1.98), so we know that fk{2, Rk{l)) > /^(l, i?fc(l)) 
= log(Gfc(i?fc(l))). Hence, Tk{2, Rk{l)) > 0. Lemma [221 when coupled with 
our assumption that Rk{l) < i7fc(2), then implies that Tk{2, Rk{2)) > 0. 
However, this is impossible because Lemma [2.3! and the definition of Rk{2) 
guarantee that Tfc(2, Rk{2)) = 0. 

Next, suppose Mk = 4. This means that Rk{4:) < Rk{2). Also, referring 
to Remark 12.21 we see that Rfc(4) < 2. Therefore, by the definition of Rfc(4), 
we hnd that /fc(4,i?fc(4)) = log(Gfc(i7fc(4))). Now, we may write 

1.8638 < Ri(l) < Ri(4) < i?fc(4) < Rk{2) < lim R„(2) < 1.98. 

n^oo 


As Rfc(4) G (1.67,1.98), we have 

fk{2,Rkm > /fc(4,i?fc(4)) = log(Gfc(Rfc(4))). 

Thus, Tfc(2, i?fc(4)) > 0. Using Lemma 1221 and our assumption that 
Rfc(4) < i7fc(2), we get Tk{2, Rk{2)) > 0. Again, this is a contradiction. □ 


We now culminate our work with a final definition and theorem. 


Definition 2.3. Let rji be the unique real number in the interval (1, 2) that 
satisfies 



C(hi) 

C(2r]i)' 


For each integer A; > 1, let be the unique real number in the interval (1,2) 
that satisfies 



C(hfc) 

C((A:+ l)?7fc)' 


Remark 2.3. Using Definition 12.1! to manipulate the equation 
fkiMk, RkiMk)) = \og{GkiRkiMk))) and using the fact that 


Mk 


1, if A: = 1; 

2 , ifA:eN\{l}, 


one can see that rjk is simply Rk{Mk). Furthermore, Lemma lT2] tells us that, 
for each positive integer k, the value of rjk is, in fact, unique. 
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Theorem 2.3. Let k be a positive integer. If r > 1, then the range of the 

C{r) 


funetion a-r,k is dense in the interval 


1 , 


C((A:+ l)r) 


if and only if r < rj^. 


Proof. Let A; be a positive integer, and let r G 



Suppose r < r]k. 


Then, by the dehnition of and the fact that rj^ = Rk{Mk), we see that 
for all m G {1,2,4}. Lemma YI7I\ then guarantees that Tk{m,r) < 
0 for all m G {1,2,4}, which means that /fc(m,r) < log{Gk{r)) for all m G 
{1,2,4}. Theorem 12.21 then tells us that the range of log a-r,k is dense in 
the interval [0, log(G'fc(r))), which implies that the range of a-r,k is dense in 
[l,G'fc(r)). Now, suppose that r > r]k. Then Tk{Mk,r) > Tk{Mk, RkiMj,)) = 
0, so, fk{Mk,r) > log{Gk{r)). This means that the range of loga-r,k is not 
dense in [ 0 , log(Gfc(r))), which is equivalent to the statement that the range 
of a-r,k is not dense in [1, G'fc(r)). 


We now need to show that, for any /c G N, the range of a^rk is not 

7 

dense in [0,log(Gfc(r))) for all r > -. To do so, it suffices to show that 

3 

7 

/fc(l,r) > log(Gfc(r)) for all r > -, which means that we only need to show 

3 

/ 1 \ ^ ^ 1 7 

that ( 1 H—^ I — > Gk{r) for r > -. Now, because Gk{r) < C{r), we 

\ 2^ / 2"^^ 3 

V / j=0 

/ 1 \ ^ 7 

see that it suffices to show that W + ^ j > C(r) for r > -. One may easily 

7 

verify that this inequality holds for - < r < 3. For r > 3, we have 

3 


1 Mill 

i + ^j 


)r—1 


^ 1 1 
^ ^ 2 ^ ^ (r - l) 2 ^-i 


1 1 

= 1 H-h / —dx > C{r). 

2- A 


□ 
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3 An Open Problem 


As the author has done for a density problem related to generalizations di¬ 
visor functions without restricted domains [1], we pose a question related to 
the number of “gaps” in the range of a-r,k for various k and r. That is, 
given positive integers k and L, what are the values of r > 1 such that the 
closure of the range of (J-r,k is a union of exactly L disjoint subintervals of 

C(0 

’ C((A: + l)r) 
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